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1. INTRODUCTION AND PREL IMINARIES  
In 1950, Nash [1] first proved the existence of equilibrium for games where the player's prefer- 
ences are representable by continuous quasi-concave utilities and the strategy sets are simplex. 
Next, Debreu [2] and Arrow-Debreu [3] proved the existence of social equilibrium and Walrasian 
equilibrium, respectively. In the last twenty years, the classical results have been generalized in 
many directions (see [4-19], and the references therein). 
The purpose of this paper is to give some new equilibrium existence theorems for noncompact 
abstract economies with an uncountable number of agents with an general constraint correspon- 
dences and preference correspondence. 
Let A be a subset of a topological space. We shall denote by 2 A and A the family of all subsets 
of A and the closure of A in X, respectively. If A is a subset of a topological vector space X, we 
shall denote by co A and ~-6A the convex hull of A and the closed convex hull of A, respectively. 
Let X, Y be two topological spaces and T : X -~ 2 Y be a multivalued mapping. T is said 
to be upper semicontinuous (respectively, almost upper semicontinuous) if for any x E X and 
any open set V in Y with T(x) C V, there exists an open neighborhood U of x in X such that 
T(z) C V (respectively, T(z) C V) for all z c U. Obviously, an upper semicontinuous multivalued 
mapping is almost upper semicontinuous ( ee [9,14]). T is said to be lower semicontinuous if for 
any open set V in Y, the set {x c X : T(x) N V ~ 0} is open in X. It is clear that T is upper 
semicontinuous (respectively, lower semicontinuous), if and only if for any open set (respectively, 
closed set) M in Y, the set {x E X : T(x) C M} is open (respectively, closed) in X. T is said to 
have open graph in X × Y if the set {(x, y) : x e X, y E T(x)} is open in X × Y. 
An abstract economy (or generalized game) F = (X~, Ai, Bi, P~)icI is defined as a family of 
order quadruples (Xi, Ai, Bi, Pi), where I is a finite or an infinite set of agents, X~ is a nonempty 
topological space (a choice set), Ai, Bi : I-Ikei Xk ~ 2 X~ are constraint correspondences, and 
Pi : I-IkEl Xk  ~ 2X~ is a preference correspondence. An equilibrium for F is a point ~ ~ I-[keI Xk, 
such that for each i E I ,  2i E Bi(~), and Pi(~)NAi(&) = O. When Ai = Bi, for all i e I and Xi is 
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a topological vector space i E I, then the definitions of an abstract economy and an equilibrium 
coincide with the standard efinitions of [10]. 
F = (Xi, Pi)ieI is said to be a qualitative game if for any i E I, Xi is a strategy set of player i, 
and Pi : I]kel Xk --* 2 x' is a preference correspondence of player i. A maximal element of F is a 
point ~ E 1-Ikex Xk, such that Pi(~) = ¢ for all i E I. 
2. LEMMA 
LEMMA 2.1. Let I be an index set. For each i E I, let Xi  be a nonempty convex subset of a 
Hausdorff locally convex topological vector space El, Di a nonempty compact subset of Xi,  and 
Si, Ti : X = 1-Ikel Xk  ----4 2 D~ are two multivalued mappings with the following conditions: 
(1) for any z E X ,  ¢ # ~-6Si(x) C Ti(x), 
(2) Si is almost upper semicontinuous. 
Then there exists a point ~ E D = l~keI Dk, such that ~i E Ti(&) for all i E I. 
PROOF. Since Di is compact, D = 1-Ikel Di is also compact in X. For each x E X, let Pi(x) = 
-C6Si(x). Then, Pi : X --~ 2 9` is an upper semicontinuous multivalued mapping with nonempty 
closed convex values by [9, Lemmas 1 and 2]. Define a multivalued mapping P : X --* 2 9 by 
p(z)  = 1-I Vx • x .  
iE I  
Then, P : X ~ 2 9 is an upper semicontinuous multivalued mapping with nonempty closed 
convex values by [20, Lemma 3]. By Himmelberg's fixed-point heorem [21], there exists ~ • D 
such that ~ • P(~), i.e., ~i • Pi(~) for all i • I. Therefore, ~i • Ti(~) for all i • I. This 
completes the proof. 
REMARK. Lemma 2.1 is a generalization of the recent results of [14, Theorem 2.1] and [9, The- 
orem 1]. 
LEMMA 2.2. (See [17].) Let I be an index set. For each i • I, let Xi be a nonempty convex subset 
of a Hausdorff locally convex topological vector space Ei, Di a nonempty compact metrizable 
subset of Xi,  and Si, Ti : X = l lke i  Xk ~ 2 D~ are two multivalued mappings with the following 
conditions: 
(1) for any x • X ,  ~ ~ -e-6Si(x) c Ti(x), 
(2) Si is lower semicontinuous. 
Then there exists a point ~ • D = [IkeI Dk, such that ~i • Ti(~) for ali i • I. 
3. EQUILIBRIUM EXISTENCE THEOREMS 
In this section, we give some new equilibrium existence theorems for abstract economies. 
THEOREM 3.1. Let F = (Xi, Ai, Bi, P~)ieI be an abstract economy such that for each i • I, the 
following conditions are satisfied. 
(1) Xi  is a nonempty convex subset of a Hausdorff locally convex topological vector space Ei 
and Di is a nonempty compact subset of Xi. 
(2) For all x • X = l l iex Xi, Pi(x) C Di, Ai(x) C Bi(x) C Di, and Bi(x) is nonempty 
CO/IVeX. 
(3) The set IV/= {x • X : Ai(x) M Pi(x) ~ ¢} is open in X .  
(4) The mapping Hi : X --~ 2 9` defined by 
Hi(x) = Ai(x) n Pi(x), V x • X 
is upper semicontinuous and Bi : X --* 2 D' is upper semicontinuous. 
(5) For each x • Wi, xi ¢ ~-6(Ai(x) C~ Pi(x)). 
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Then there exists a point P E D = ni,, Di, such that & E Bi(i) and Pi(i) n Ai(2) = 0 for 
aJli E I. 
PROOF. For each i E I and x E X, let 
Si(X) = 
Ai n Pi(x), if x E Wi, 
R(x), if 5 9 Wi, 
and 
m(Ai(x) n Pi(x)), if x E W,, 
if x 61 Wi. 
Then, Si, Ti : X + 2Ot are two multivalued mappings with nonempty values and w S,(x) c Ti(x) 
for all 2 E X. 
Now, we prove that Si is upper semicontinuous. In fact, for each open set V in Di, the set 
{X E X : So C V} = {X E Wi : Ai II Pi(X) C V} U {Z E X\Wi : Bi(x) C V} 
C {x E Wi : Hi(X) C V} U {X E X : Bi(x) C V}. 
On the other hand, when x E Wi and Hi(x) C V, we have S,(X) = Hi(x) C V. When x E X and 
Bi(x) C V, since Hi(x) c Bi(x), we know that Si(X) C V and SO 
{X E W : Hi(X) C V} U {X E X : Bi(x) C V} C {X E X : Si(x) C V}. 
Therefore, 
{X E X : S,(x) c V} = {X E Wi : Hi(x) C V} U {X E X : By C V} 
= W< n {X E X : Hi(x) C V} U {X E X : Bi(x) C V} 
Since Hi and Bi are upper semicontinuous, the sets {x E X : Hi(x) c V} and {x E X : 
Bi(x) c V} are open. It follows that {x E X : S,(x) c V} is open and so the mapping 
S, : X -+ 2O’ is upper semicontinuous. 
By Lemma 2.1, there exists a point P E D = n,,, Di, such that ii E Ti(?), for all i E I. By 
Condition (5), we have 
& E Bi(i) and Pi(i) n Ai (2) = 0, 
for all i E I. This completes the proof of Theorem 3.1. 
THEOREM 3.2. Let I’ = (Xi, Ai, Bi, Pi)iE~ b e an abstract economy such that for each i E I, the 
following conditions are satisfied. 
(1) Xi is a nonempty convex subset of a Hausdorff locally convex topological vector space Ei 
and Di is a nonempty compact metrizable subset of Xi. 
(2) For all x E X = niGIXi, Pi(x) C Di, Ai C I&(X) C Di, and By is nonempty 
convex. 
(3) The set Wi = {x E X : Ai n Pi(x) # 8) is closed in X. 
(4) The mappings Ai : X -+ 2O; (respectively, Pi : X -+ 2Dt) is lower semicontinuous, 
Pi (respectively, Ai) has open graph in X x Di, and Bi : X -+ 2O* is lower semicontinuous. 
(5) For each x E Wi, xi $!w(Ai(x) n Pi(x)). 
Then there exists a point f E D = ni,, Diy such that Pi E Bi(f) and Pi(?) n Ai = 0 for 
all i E I. 
PROOF. For each i E I and x E X, let 
AHL 1,:,-c 
Si(X) = 
Ai n Pi(x), if x E Wi, 
Bi(x), if x $Z Wi, 
44 N. HUANG 
and 
V6 (Ai(x) nPi(x)) ,  i fz  • w,, 
Ti(z) = 
Bi(x), if x ¢~ Wi. 
Then, Si, Ti : X --* 2 °` are two multivalued mappings with nonempty values and ~-SSi(x) C Ti(x) 
for all x • X. 
Obviously, from Condition (4) and [18, Lemma 4.2], we know that mapping Hi : X --* 2 D' 
defined by 
Hi(z) = Ai(x) N P~(z), V z • X 
is lower semicontinuous. 
Now, we prove that Si is lower semicontinuous. In fact, for each closed set V in Di, as in the 
proof of Theorem 3.1, we have 
{x • X :  Si(x) C V} = {x • Wi : Ai(x) n Pi(x) c V} u {x • X \Wi  : Bi(x) c V} 
= {x • Wi: Hi(x) c V} u {z • X :  Bi(z) c V} 
= Wi N {x • Wi:  Hi(x) c V} u {x • X :  Bi(x) c V}.  
Since Hi and Bi are lower semicontinuous, the sets {x 6 X : Hi(x) C V} and {x 6 X : 
Bi(x) c V} are closed. It follows that {x E X : Si(x) C V} is closed and so the mapping 
Si : X ---+ 2 D~ is lower semicontinuous. 
By Lemma 2.2, there exists a point ~ E D = l-Lel Di such that xi E Ti(:~), for all i 6 I .  By 
Condition (5), we have 
~:i E Bi (2:) and Pi (2:) n Ai (~:) = O, 
for all i E I .  This completes the proof of Theorem 3.2. 
THEOREM 3.3. Let F = (Xi, Ai, Bi, Pi)iet be an abstract economy such that/or each i E I, the 
following conditions are satisfied. 
(1) Xi is a nonempty convex subset of a Hausdorff locally convex topological vector space Ei 
and Di is a nonempty compact subset of Xi. 
(2) For all x • X = YI iE I  Xi, Pi(x) C Di, Ai(x) C Bi(x) C Di, Pi(x) is convex and Bi(x) is 
nonempty convex. 
(3) The set Wi = {x E X :  Ai(x) n Pi(x) ~ O} is open in X.  
(4) The mapping Bi, Pi : X ---* 2 D' are almost upper semicontinuous. 
(5) For each z E Wi, xi • Bi(z) n Pi(z). 
Then there exists a point ]: E D = Hie I  Di, such that xi E Bi(}c) and Pi(x) M Ai(&) = 0 for 
all i E I. 
PROOF. For each i E I and x E X, let 
Bi(x) n Pi(x), 
Tdx) = Si(x), 
if x E Wi, 
i fx  CWi. 
Then, Ti : X --* 2 Di is a multivalued mapping with nonempty closed convex values. Since 
Bi and Pi are two almost upper semicontinuous multivalued mappings with convex values, by 
[9, Lemmas 1 and 2], we know that Bi and P~ are upper semicontinuous. Hence, Bin  Pi is upper 
semicontinuous by [22, Proposition 3.1.7 and Theorem 3.1.8]. As in the proof of Theorem 3.1, 
we know that Ti is upper semicontinuous. 
Define mapping T : X --* 2 D by 
T(x) = H Ti(x), Vx e X, 
iE I  
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then T is an upper semicontinuous multivalued mapping with nonempty closed convex values 
by [20, Lemma 3]. Therefore, by applying Himmelberg's fixed-point theorem [21], there exists a 
point 5 • D = 1-I~el D~, such that 5i • Ti(5), for all i • I. By Condition (5), we have 
5 i•B i (5 )  and Pi(5) nA i (5 )=O,  
for all i E I. This completes the proof of Theorem 3.3. 
REMARK. In Theorems 3.1-3.3, when Ai(x) = Bi(x) = X~ for all x E X and i E I, we can obtain 
some new existence theorems of maximal element for qualitative games. 
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